helicoid vane; R;, radius of the inner surface of the outer tube; a, central angle; A, a
constant; B, activation energy for the flow process; R, gas constant; T, absolute tempera-
ture; X = (X1, X2), point in two-dimensional Euclidean space; hpg, spacing of computing net
wh; wh, set of interior nodes; vy, set of boundary nodes; G, a domain; G, a domain with
boundary T; LBu, Laplace operator; Cgs straight line through an interior node; A, difference
operator; T%*, z-spacing of net; h%, distance from irregular node x to boundary node yx(-*B)
or x(+‘B); h%B, distance from nodes wh,p next to the boundary to boupdary nodes hp,g; NiB,
indices of left boundary nodes in a matrix in the direction of Xgs Nig, indices of right
boundary nodes; Aigp, BiB’ CiB’ sweep coefficients in difference equation; Q, volumetric flow
rate; 6, dimensiongess temperature; v, average flow velocity; Z, duct length; 7, length of
the initial thermal section; F, useful cross section of duct; Vxl, Vg, A F, discrete values
of functions.
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TRANSIENT PROCESSES IN SHEAR FLOWS OF A VISCOELASTIC FLUID.
III. ELASTIC RECOVERY*

Z. P. Shul'man, S. M. Aleinikov, UDC 532.135
and B. M. Khusid

A mathematical description of the elastic recovery effect associated with visco-
elastic shear flow is given.

In this article we investigate the transient process assoclated with the shear flow of
a viscoelastic fluid in the clearance space between coaxial cylinders (problem 3) [1] when.
the outer cylinder is rigidly fixed and the inner one set in motion by the action of a con-
stant external torque. The applied torque acts for a period of time t*, after which it is
removed. The detailed mathematical statement of the problem and a procedure for its numeri-
cal solution are described in [1].

The external torque drives the cylinder and the fluid. As in problem 2, after several
transits of a shear wave across the clearance space a quasisteady fluid flow regime is es-
tablished, for which the conditions of realization are described in [2]. We now give a
qualitative analysis of the influence of the rheological properties of the fluid on the laws

*The problem treated in Parts I and II [1, 2] and the present article are discussed in
application to the Bird-Carreau, Meister, and MacDonald-Bird—Carreau nonlinear models in a
paper by Z. P. Shul'man, S. M. Aleinikov, and B. M. Khusid, Rheodynamics and Heat Transfer
in Unsteady Shear Flows of Nonlinear Hereditary Media, Preprint No. 6 of the Institute of
Heat and Mass Transfer of the Academy of Sciences of the Belorussian SSR [in Russian], ITMO
AN BSSR, Minsk (1982).

A. V. Lykov Institute of Heat and Mass Transfer, Academy of Sciences of the Belorussian
SSR, Minsk. Belorussian Polytechnic Institute, Minsk. Translated from Inzhenerno-Fizi-
cheskii Zhurnal, Vol. 43, No. 2, pp. 234-238, August, 1982. Original article submitted May
8, 1981, s
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governing the rotation of the inner cylinder in a viscoelastic fluid in the quasisteady
stage, neglecting the inertia of the fluid (see [2] for more details). For the stated prob-
lem we arrive at the system of equations

I§—2aRi L(v, +7,;) = M,

dt . .
T + k-—&;— = — /6y, T = — M,9/8), o))

¢ (0) = ¢ (0) =7, (0) = 0.

Under the adopted initial conditions it is assumed that the angle of rotation and angular
velocity acquired by the cylinder in the ''rise time" leading up to the quasisteady fluid
flow regime are insignificant, as are the stresses in a Maxwellian element. The system (1)
and its characteristic equation take the following form in our previous notation convention
[2]:

dv,

Qo 2PeQ—2(1 —P)et; =0, 7 +4—L=—0
(2)
QO =—Q_, 7,(0)=0 kz+{/ggg+_1_\k+}i:0
v \ A (3)

where ¢x::er+—Q_ In the case of rotation of the cylinder in 2 viscous fluid (A = 0)
Q= —Qy exp(— 2el). (4)

This solution shows that in a viscous fluid the velocity of rotation of the inner cylinder
increases from zero to the steady value Qgt in a time 1/2e¢ (Fig. la). TFor a viscoelastic
fluid the nature of the rotation of the inner cylinder depends on the relation between the
relaxation time X and the quantity 1l/e. Next we give a quantitative analysis of various
limiting cases.

When the relaxation time A is much smaller than the characteristic rise time to a
steady value of the velocity of rotation of the cylinder in a viscous fluid (eX < 1), the
solution of the system (2) coincides with (4). The elastic properties of the fluid do not
affect the rotation of the cylinder.

When the relaxation time X is much greater than the rise time to steady rotation of the
cylinder in a viscous fluid (eX > 1), the solution of the system (2) takes the form

§2z:A—ﬁ%texp(——ﬁﬁl}%—-gguﬂexp(»~ﬁﬁk)w—exp(-2ﬁd)y (5)

The variation of @ for ) >17>> 1 corresponds to the case in which the influence of inertial

forces in the equation of motion of the cylinder is slight (0 & 0). The stresses in a
Maxwellian element vary according to the law 11 ~ BR/(1 — B), and the rheological relation
ylelds @ ~ exp(—t/AB). It is evident from the solution (5) that the curve of ¢(!) reaches

a maximum at t ~ 1/2Be¢ (Fig. 1lb), after which the velocity of rotation of the inner cylinder
decreases monotonically to the value Qg¢ according to the law

ORSEIN [1 - (—é—— 1) exp(—t/?»ﬁ).l .

For ek = (1 £ v1 — 8)?/2B® the characteristic equation (3) has multiple roots. This
situation corresponds to the case in which the viscous friction and elastic forces of the
fluid become commensurate. For (1 — v1 — B)?/2B% < eX < (1 + ¥1 — B)%*/2B? the roots of Eq.
(3) are complex conjugates of one another. The motion of the inner cylinder has an os-
cillatory behavior. We note that for rotation of the cylinder in a viscous fluid this
situation does not arise.

The solution of the system (2) for el ~ (1 + v1 — B)?/2R?% is written in the form

[ —

Q= Qst exp (— —i%——if) (—— cos At =+ VI — ﬁ(ézfz:/itﬁ)z sin At\) ,
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Fig. 1. Angular velocity of the inner cylinder driven by a

constant external torque.

1) fluids;
fluid, e~

Fig. 2.
a viscous
times. 1)

a) Viscous and viscoelastic (eA<
b) viscoelastic fluid (eA > 1) 7? viscoelastic

(1+71=p) “j2p° (1 — Q¢p (1—exp (—2¢8)); 2 Qgt. 1+( %—l)exp(—t/}\.ﬁ)]) .

Profiles of the velocity and tengential stresses in

(I) and a viscoelastic (II) fluid at successive
t = 0.05; 2) 0.25; 3) 0.5; 4) 1.75.

Fig. 3.
cylinder ro
fluid, t* =

Fig. 4.
and outer (
(11) fluid,

Fig. 3

Fig. 4

Angular velocity (¢) and displacement (¢) of the inner

tating in a viscous (I) and a viscoelastic (II)
1.5.

Evolution of the tangential stresses on the inner ¢))

2) cylinders for a viscous (I) and a viscoelastic
t* = 1.5,

for ex & (1 + /1 — B)2/282

state value for ty ~ BA/(1 + VY1 — B) xV1 — B (Fig. lc).
period t ~ BA/(1 + V1 — B) < A.

V2e/A—((1 + 2BeA)/2X)~. As in the case €l > 1, the motion of the inner cylinder

takes place with a velocity of rotation greater than the steady-
Steady rotation is established in a

When ex ~ (1 — V1 — B)2/2B2,

the velocity of rotation of the

inner cylinder increases monotonically during a perlod £t BA/(l — Y1 —B) > X,

Next we analyze numerical calculations of the problem in the complete formulation (in

partial differential equations) described in [1].
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the velocity and tangential stress fields for a viscous (El = 0) and a viscoelastic (El = 1,
@ = 1.5, ek = 8.,38) liquid. Because of the time dependence of the effective viscosity for a
viscoelastic fluid, its frictional resistance in the initial flow stage (t < )) is lower
than in a Newtonian fluid. In a viscoelastic fluid, therefore, the cylinder moves more
rapidly than in a viscous fluid. The tangential stresses and the shear velocity near the
inner cylinder are smaller in a viscoelastic fluid. It is seen in Fig. 3 that the velocity
of rotation of the inner cylinder in a viscoelastic fluid arrives at a steady-state value
by a monotonically increasing route. For a viscoelastic fluid the curve ¢(¢) in this stage
of the process has a characteristic maximum and is situated above the corresponding curves
for a viscous fluid. Because of the relaxation properties of the viscoelastic fluid the
steady velocity of rotation of the cylinder is established for it later than for a purely
viscous fluid. Inasmuch as the velocity of propagation of shear disturbances in a visco-
elastic fluid is lower than in a viscous fluid (see the analysis of problem 1 in [1]), in
the initial flow stage the region entrained by shear flow is smaller. Up to the time of
removal of the external torque, t = t*, the angle of rotation of the inner c¢ylinder in a
viscous fluid increases monotonically with time. In a viscoelastic fluid, owing te the
greater velocity of rotation, its angular displacement is greater than the corresponding
values for a viscous fluid.

After removal of the external torque the cylinder stops. In a viscous fluid its
velocity of rotation decreases monotonically. In a viscoelastic fluid the removal of the
driving torque results in "relief" of the elastic forces of the fluid. The cylinder there-
fore at first acquires momentum in the opposite direction (Fig. 3). Then its velocity de-
creases monotonically, the angle of rotation gradually decreasing and attaining the same
value as in a viscous fluid. The coincidence of these quantities can be proved analytically
for any type of relaxation functions. Because of the linearity of problem 3, the angle of
rotation of the inner cylinder is related to the torque acting on it:

o(t)= {QE—1t)dM (), (6

where Q(t) is the response function describing the variation of the angle of roation under
the action of a constant unit torque applied at time t = 0 [Q(t) = 0 for t =< 0]. For the
situation in question the torque varies as follows:

M(t) = M-H(t)— M-H ({ — t¥),

where H(t) is the Heaviside function, which is equal to unity for t = 0 and to zero for
t < 0. Substituting the expression for M(t) into (6), we obtain

() =MQE)—Q(t—1%)]. (7)
Let us examine the behavior of the function Q(t) as t»>», It can be written in the form
Q(ty = Qut + Q(1), (&)

where Qg 1s the steady angular velocity of rotation of the inner cylinder under the action

n
of a constant unit driving torque, and the function Q(t) describes the transient process,
Ny

Q(t)»>const as t»w»., Substituting (8) into (7), we have
P, = ymcp(t) = Qg * - lim M [Q(f) — Q( — t¥)] = Qert*,

where {gp = MQy. Since the elastic properties of the fluid do not affect the steady angular
velocity of rotation, we have
. 2
=)
R,

B = 4, R2L

and the value of the angle through which the inner cylinder rotates depends only on the
initial Newtonian viscosity ne. The time variation of the tangential stresses on the inner
cylinder for viscoelastic and viscous fluids differs only in the initial stage (Fig. 4), in
which they are lower for a viscoelastic fluid. The calculations in problem 3 were carried
out for N = 6.
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RELATION BETWEEN FLUID VISCOSITY AND COMPRESSIBILITY

Yu. A. Atanov and A. I. Berdenikov UDC 532.133

Values of the shear viscosity are computed with an error not exceeding the error
of experiment by means of formulas deduced on the basis of the theory of a free
volume.

Hydraulic systems with working fluid pressures of 30-120 MPa [l] are being used more
and more in machine construction. It is known that the shear viscosity and density (com-
pressiblity) of the working fluid depend on the temperature and pressure and exert signifi-
cant influence on the characteristics and operability of hydraulic system mechanisms as they
change, especially when using automatic control instruments [2].

The pressure dependences of the shear viscosity and density of the fluids are deter-
mined experimentally on unique specialized instruments and apparatus [3], which require a
large expenditure of facilities and time. If an attempt is made to establish a connection
between the shear viscosity and density (compressibility) of the fluid, the expenditure in
laboratory investigations could be reduced considerably.

Bachinskii [4)] proposed the first empirical dependence between the shear viscosity and
specific volume (density) ‘

1 = ———9;——.

V—o (1
Experimental confirmation of the formula yielded satisfactory agreement for a large
number of fluids. However, for fluids associated by hydrogen bonds (alcohols, acids, water),

some hydrogen halides, and mercury, the formula (1) turned out to be unacceptable. It
yields such false results at high pressures. Nevertheless, investigations tracing the con-
nection between the shear viscosity and density (compressibility) of a fluid continued.
Thus, the authors of [5] found a relationship between these quantities for individual
paraffins, the dependence n = f(p) was derived in [6] for polysiloxanes, and an attempt was
made in [7, 8] to establish such a relation for commercial mineral oils. We try to estab-
lish these relationships in an example of two working fluids of a hydraulic system that dif-
fer substantially in their chemical nature.

The uninflammable fluid PGV (on a water—glycerine base) ig being more and more ex-
tensively used at this time in hydraulic systems with elevated fire-safety requirements in-
stead of the shaft oil AU. Properties of the fluids PGV and shaft oil AU are compared in
[91].

The pressure dependences of the viscosity of the fluid PGV and the shaft oil AU were
determined on a viscosimeter with a rolling ball with a +2-87 error [10], and the density
(compressibility) by a hydrostatic method with £0.2% error [9, 111].

An equation of state of the fluid (Tait equation) [12] was obtained from the experi-
mental dependence of the compressibility

Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 43, No. 2, pp. 239-244, August,
1982. Original article submitted May 11, 1981.
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